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AN EFFICIENT TECHNIQUE FOR SOLVING A CLASS OF INFINITE SYSTEMS IN
CONTACT PROBLEMS IN THE THEORY OF ELASTICITY*

A.N. TSVETKOV and M.I. CHEBAKOQV

In this paper we illustrate the efficiency of a method (see, e.g. /1, 2/) of solving
infinite systems of linear algebraic equations of the first kind with singular coefficient
matrices, to which many problems in the theory of elasticity and mathematical physics with
mixed boundary conditions (see e.g. /3-9/)} reduce. The method is based on a knowledge of the
behaviour of the solution of the system for large numbers, which may be determined from an
analysis of the behaviour of the initial problems at particular points. This enables us to
reduce an infinite system to and efficiently-solvable finite system. The method does not
require the factorization of functions, it enables us to find the principal component of the
solution of infinite systems and also to find explicit particular solutions of the problem at
points where the boundary conditions change. This method imposes practically no restrictions
on the problem parameters and the computation of the solution does not require large amounts
of computer time.

1. Problems in the theory of elasticity with mixed boundary conditions may be reduced
using the methods of operational calculus for semi-infinite and bounded regions (strips,
layers, cylinders, wedges, cones, rectangles, circular plates, rings, etc.) to the solution
of pairs (triples, etc.) of integral equations or series equations.

In particular, we consider a triple series equation /3, 4/ of the form

D oK)y @ =1(z) (<z<a) (1.1)
k=0

-
D Qpluge =0 (@<z<e a<z<h)
k=0

Here @, are the desired variables, y(ux, z) and u, are (respectively) a system of eigenfunc-
tions and eigennumbers of a Sturm~Liouville problem for a second-order differential eguation
in a finite interval (see /3-4/), the nature of the function K (u) is also described in /3-
4/,

In special cases of this problem, associated with a specific coordinate system, the
functions y(ux, ) are trigonometric functions, Bessel functions, Legendre functions or other
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known special functions.
Pairs of series (1.1) in which f(z)=y(ie, 2),d=¢=0 (which does not restrict the
generality) may be reduced to the study of infinite systems of linear algebraic equations of

the form
BX=0D 1.2)

where B = {bpn} 1s a matrix and X ={z,}) and D ={d,} are vectors of infinite order. A
specific form of system (1.2) may be found in /3-9/. It is a typical feature of system (1.2)
that the matrix B may be represented in the form
B=A+ By A= {{§p — v} (1.3)
where 6, and iy, correspond to a zero and a pole of K (u) (respectively).
In actual cases /8/, as n—x

8 =fn+bkilnr+0(nlnn 14
Yw=Brn+gticzlnn+ O(ntlnn)

and the matrix A contains non-decreasing diagonal elements. The elements of the matrix B, =
{or.) decrease as m and n increase, at least in inverse proportion.

In the solution of contact problems, the distribution function of the contact pressures
under a stamp is of practical importance. This is expressed in terms of the infinite system
{(1.2) by the equation /2-8/

y (i3, z)
g (2) = K (ie) y (e, ’)+>_4 o ey (1.5)

2. If, for example, the zone of contact is fixed, there is no friction between the stamp

and the elastic body and
g(2) ~x (z — &) % (z = a, x = const) @)

Taking into account the fact that in the above cases as n—o we have
¥ (i, 2) = 0 (™) <z < a) @2)

Eqg.(2.1) thus enables us to determine the nature of the behaviour of the coefficients =z, as
n— oo, based on the known sum of the series

O @E— O

S c =—a7h 0<a<y (23)
=0

Comparing Egs.(1.5) and (2.1)-(2.3), we obtain
(2n — )11 1
z, = O(W) or z”=0(ﬁ) (n — o0) (2.4)

The above fact enables us to reduce the infinite system (1.2) to a finite system of
equations, if we assume that

(2n — 11!
I, = IN @ (n> N, zx =const) (2.5}

Then, with a certain error, the infinite system (1.2) becomes equivalent to a system of
N equations
N
}:“ mn 11+Bm‘rN ‘d (m=1,2,..,N) (2.6)

n=t
oo

(2r— 1)1,
L @ e

Here, experiments show that the error in solving the corresponding problems, after replacing
system (1.2) by system (2.6), decreases as the value of N increases.

3. It is very difficult to obtain theoretical estimates of the convergence of the method;
thus, we will demonstrate its efficiency for a problem in the theory of elasticity with mixed
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boundary conditions, which has an exact solution.

We consider a problem in the theory of elasticity concerning smooth displacement along
a stamp of an elastic block of infinite length with a rectangular section /10/. We assume
that the stamp is symmetrically located between the two boundaries of the block and comes
into full contact with the block, where the opposite face of the block is fixed and the side
face of the block is free from contact.

This problem reflects all the particular features of other more complicated problems if
we solve it using the technique of reduction of series pairs to an infinite system with a
singular matrix.

This problem reduces /10/ to the study of pairs of series (1.1) in which

y (vx, z) = cos uxz, f(z) =1 (3.1)
K (u) = ut th uh, up = nk/b, c=d =0

Here, h is the height of the rectangle, 2b is its width, and 2a is the width of the stamp.
The elements of the matrix B, and of the right-hand side D of the infinite system (1.2)
were described in /10/.
The distribution of shear stresses under the stamp, according to Eq.{1.5) is given by
the formula

1 1 cfj chd r
10=68 [ 5+ Ve grs] el (3.2
1

n

8p = an/h, vm = 1 (2m — 1)/(2h)

where G is the shear modulus and & is the displacement of the stamp.
The connection between the displacement of the stamp and the force T applied to it is

given by the equation
2 O Zn
T=68 [ - 26— th Gnu} (3.3)
fre=ry

the matrix and the right-hand side of the infinite system (1.2) of the problem have all
the necessary properties described in Sect.l. Thus, in this scheme, the contact stresses
and the value of T may be found from the formulae

G N—;l chd, z (2,,_1)nch6 z
¢(2)= B [i+ Z‘ *nchd a bna + IN (2»)” ch bnu] (34)
n=1
N-1 o0
2G8 thd a (2n— 1)1 thé a
T==% ["“" Z’”n 5, OmT 8 } (3:5)
n=1 ke n=N "
where the coefficients z.(rn=1,2,...,N) are found from the system of linear algebraic Egs.

(2.6). The main problem as far as numerical implementation of these equations is concerned
is the computation of the sum of the weakly converging infinite series in (2.6) and (3.5).
The terms of these series behave as »/* for large n. This difficulty 1is easy to overcome
using a known technique for increasing the convergence of series /11/, which enables us to
compute them quickly with high accuracy using finite sums.

For 0<z<a, the series in (3.4) converges like an infinite decreasing geometric
progression. For z=a, it dlverges but the main part of the series in the neighbourhood of
z=a is easy to sum and it is thus possible to identify the particular behaviour of the
stresses as =z — a.

Using the sum of the series (2.3), we obtain an equation for the contact stress in
explicit form

Gb 2n — 1)1y chd z
n=1 n
§°ﬂ @n 1)1 P _ %
N 2n)1! 14 0,2 ]

From the above expression, we find the singularity coefficient:

Ko = 11m Vot —23q (2) = Gbdxy V Zal(nih) (3.7)
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The problem of Sect.3 has an exact solution /12, 13/.

4. 1In order to test the efficiency of this scheme for solving an infinite system (1.2)
for the problem of Sect.3, we calculated dimensionless contact stresses ¢* (z) = ¢ (z) a/(G8) of
the shearing force T* = 7/(G§) and the singularity coefficient K,* = K,/(V268) from formulae
(3.4)-(3.7) as a function of the parameters A=~%k/c and § = b/e and the number of equations
N in system (2.6). The calculations showed that this scheme for solving the given model
problem converged quite well. To obtain the given accuracy as the parameter A decreases
or the parameter # increases, the number of equations N is reduced. The nature of the con-
vergence of the method does not depend greatly on the parameters. This enables us to control
the accuracy by comparing the results of calculations for various values of the number N.

100-T * 10%-¢ * (0.9) 10 K, *
N
A=5 10 5 10 5 10
2 1280 1266 942 973 300 334
6 1231 979 895 718 273 222
10 1231 970 895 708 274 216
[13] 1231 970 894 707 275 218

The table shows the values of 7% ¢* (0.9) and K,* for P = o together with some values
of A and N. The last line of the Table shows these values as computed from exact equations
in /12, 13/. It is clear that an exact solution of the problem using the above scheme may be
efficiently obtained at low cost for a<C10. By increasing the number of equations in system
(2.6), the problem may be solved for practically any values of the parameters.
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